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Let K be a field of algebraic numbers of degree n > 3 over the field Q 
of rational numbers. For any h E K we denote by / h 1 the maximum of 
the absolute values of all the conjugates hfi) (i = 1, 2,..., n), and Nm(X) 
signifies the absolute norm of X. In this note we consider the equation 
Nm(x + oly + X) = A, (1) 
where 01 is an algebraic integer of degree n from K, A is a rational integer, 
A # 0, x and y  are rational integral variables, h is an algebraic integral 
variable, X E K, and 
I x 1 < Xl-“, X = max(i x I, 1 Y 1) (2) 
whith a small positive 6. 
If  h = 0, Eq. (1) is essentially the equation of Thue, which has recently 
been solved effectively by Baker [l]. The case of X # 0 seems to present 
some difficulties, even with X fixed. Fortunately, this is not so, and the 
following theorem has the proof which is a simple generalization of the 
known arguments in the case of the Thue equation [6], based on a recent 
theorem of Baker [2] on the linear forms in logarithms of algebraic 
numbers. 
THEOREM I. There are effectively computable values c1 > 0 and c2 > 0, 
depending on n and the regulator of K, such that for any 6 in the interval 
0 < 6 < c1 (q < 1) from (1) and (2)foZlows 
x < (&f, A ,)c2(1/6wx(l/s), 
where H is the height of 01. 
(3) 
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As a corollary of this theorem we have 
THEOREM 2. Let K be a real algebraic number field of degree n > 3, 
and let 1, 01~ ,..., c+,-~ be an integral basis of K.l Then c3 > 0, c, > 0 and 
X,, > 0 can be determined eflectively through 01~ ,..., LY,-~ , such that for 
any 8 in the interval 0 < 6 < c, (ca < 1) and any X > X0 the inequalities 
II %X1 + 
. . . + o1,-1x,-1 11 < x--n+l+@~lo~(l~~) (4) 
and 
1 x1 I < X, max 1 xi 1 < X1-6 (i = 2, 3,..., n - 1) (5) 
have no solutions in rational integers (xl ,..., xndl) # (0) (II *-* 11 denotes the 
distance to the nearest integer). 
It is interesting to observe that the similar system of inequalities with 
the right-hand side of (4) replaced by X- n+1+(n-2)8 has a nontrivial solution 
for any X > 0. 
Taking any cg > e and defining 6 as the function of X such that 
c,S/log(l/G) = log c,/log x, 
so that 
6 - (log cg log log X)/(c, log X), 
we see from (4) and (5) that the system of inequalities 
II %X1 + ... + a,-IX,-1 I/ < csx-n, 
I x1 I < x9 max I xi I G X(log X)+ (i = 2, 3 ,..., n - l), 
where cs > log cS/c4 , has no integral solution (x1 ,..., x,-J # 0 for 
“large” X. 
Contrary to that, if we take 6 = cS , we shall have for any (II and fi 
from K, cy of degree n, the inequality 
II “4 + B II > q--n+1+c7, 
where q > q0 is any rational integer and c, > 0, q,, are computable values. 
This is an improvement of the inhomogeneous “Liouville’s inequality.” 
Now we proceed with the proof of the key Theorem 1. 
We suppose that x, y, and h satisfy (l), (2), and setting p = x + ay + h, 
we suppose that conjugates of the field K are indexed in such a way that 
1 $1) 1 = In$X 1 p’i’ I, 1 pt2) 1 = r#n 1 pu) 1 (i = 1, 2 ,..., n). 
* K is supposed to be Q(q). 
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We have 
(a (3) _ ,(29(/p - jp)) 
+ (01 
'1' _ ,t3))(p'2' - h(2)) - (,W - ,(29(p'3) - x's') = 0, (6) 
which follows from cl(i) = x + cP)y + Ati) (i = 1, 2, 3), if we eliminate 
x, y, Since 01 has the height H, we have 
and hence 
I 01’~’ 1 $ nH (i = 1, 2 )...) n), 
I P’ I d I x I + I a(l) 1 1 y I + I A(l) / < 2nHX. 
We may suppose that I pC2) ( < 1, for if not, we obtain easily an estimate 
for X which is better than (3). Similarly, we may suppose that 
min(l x 1, 1 y I) > 2(2r~H)~+~)/~. (7) 
Then we have 
1 p'l' 1 > 1 $1' - $2’ 1 - 1 $2’ 1 > 1 01’1) - a@’ 1 1 y 1 - 1 
> ) y ~((~H)-ma-l,/2~+1 - l/l y I) > JJ 1 y ~(~~-(~(n-W2)+1, 
since I 01(l) - ~(~1 ) > @zH)--(~(~-~)/~)+~. The same way we get 
1 ata) 1 1 p’l’ 1 > & 1 x l(~H)-‘“‘“-W2’+1. 
Hence we see that 
(2t~Hj-‘~“-/~ X < 1 p’l’ 1 < 2nHX. (8) 
It follows from (6), (2), and (8) that 
j a(3) - ,$2) + (&' - 01(3))(,J2)/pU)) _ (&) _ ,C2')(pFL'3'/pW)I 
< 3 Ih( (2nH) I p(l) 1-l < 6t~HX1-~(2nH)n’“-l)l~ X-l 
= 3(2n~~~h-1)/3~+1 x-q 
Hence 
1 @) - a(3) 1 1 $2' l/l a(3) - aw I I p I 
641/6/6-6 
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Now we need the estimate from below for the difference 
l- 
&) - o1(2) $3) 
&3) - &2) *-qiP 
First of all we observe that this difference is not zero. Indeed, if it is so we 
have 
(a(3) - &2)) p'l' - (@) - ,w)p'3' = 0. 
(11) 
Let I’ be the Galois group of the field Q(S),..., &I) considered as the 
group of substitutions y. Since the group I’ is transitive, it contains a 
substitution y taking 2 into 1. Applying y to (1 I), we obtain the relation 
(a (k) _ a(1)) pu, - (&) _ a(l))pL(k) = 0, 
where k # 1, 1 # 1, k # 1. It follows then 
Ku (k”) - dl))(x + &‘y) - (a cz) - cP)(x + a’“‘y)l < 6nHm, 
Ia fk) - &) 1 1 x + a’l’y 1 < 6nHm, 
hence 
I P I < (6nH I h I>/1 a(k) - a(~) 1 + 1 jj 1 < 4(2nJI)n(n-1)/2 x1-8. 
Comparing this with the left-hand side of (8), we see that 
X8 < 4(2t~H)“‘“-~‘. 
Thus we may suppose that (11) does not hold. 
Since Nm(p) = A, such a unit E E K exists that 1 p6-l 1 ,< cg I A I1ln, 
where cg depends upon n and the upper bound for the fundamental 
units of K (see [4, Lemma 1.61). This upper bound may be expressed 
through n and the regulator of K explicitly [3]. Let p = +, hence 
p = PE and the height H(p) < cg I A I, where c9 (and cl,, , cl1 ,..., 
subsequently) is an effectively computable value, depending on n and the 
regulator of K. 
Denoting by l 1 ,..., Ed the fundamental system of the units of K, we have 
E = c1”’ *.. c:‘, 
where u1 ,..., u,. are unknown integers (the unit of finite order we join to p). 
Returning to (IO), we see that 
$ _ ,(2) 
CL 
(3) $1) _ ,(2) 
a(3) - a(2) * - = p'l' &31 _ &2) 
..$. (A$ . . . (&J 
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and the logarithm of the height of the number 
&) - ($2) $3' 
&3) _ &?) * pi 
may be estimated from above by cl0 log(nH / A 1) (see [5, $21). We are 
in a position now to apply Theorem 1 of Baker [2] to obtain for (10) the 
estimate from below 
gcJog(nHIAl)e-alU 
1 9 (12) 
where 6, is any number with 0 =C 6, -=c l/2, U = max j ui ] (i = 1, 2 ,..., r). 
Since 1 PC-~ 1 < cg ] A Ill2 and Nm(CL> = A, we find 
1 /di’ 1 > (2r~HX)-~+l 1 A 1, 
j di) 1-l < c3 1 A /l/12 (2nHX)n-l / A j--l < c*X-~, 
using X > (2nH)“-l, which follows from (7). Hence 
1 E(i) I < (c3Xn).*l-l, 
ygx I 1% I di) ) j < Cl2 log x (i = 1, 2 )..., n), 
from what follows U < cl3 log X. Thus the lower bound (12) for (10) 
may be replaced by 
sclllog(laHIAI)X-c,,6, 
1 
If we take 6, = 6/2c,, -C 4 and suppose that 
X > [6(2nH)(“(n-1)/2)+l(nH , A J)+g(l/8)]2/8, 
we find 
3(2nf@(+l) 12)+1X--6 < ~g~~~loe(ntllAI)~-~~~~~ 
21 
It follows from (9) then 
1 &) - &3) I . I P’2’ I 




Hence we have for i = 1, 2,..., n: 
03) 
I p’2) I 
___ I CL(l) I
> $(2nH)-"("-l)'2(nH 1 A I)-C,,log'l/8) x-6/2, 
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from which it follows that 
/log/$)/ < (6/2) log x + Cl4 log(nH 
This system of inequalities leads to the conclusion 
U < cl5 6 log X + cl6 lo&H I A I) log(lJG) 
(see [5, p. 730]), and we find 
-- 
Since13 <IpI IEI,weseefrom(8)that 
Hence, assuming c,,6 < 4 we have finally 
X < c82 ( A (2/n (2nf@“-l)(nH 1 A ()%log(~~e)~ 
This inequality was obtained from the supposition (13), and since it is 
stronger than the opposite inequality to (13), we have to conclude that (13) 
does not hold. Thus the result may be written in the form (3), and the 
proof is now completed. 
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